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the boundaries of the Peltier element to the mean absolute temperature of the module is a small
value. Expressions for heat fluxes on the absorbing and radiating sides with a nonlinear dependence
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AnHoTamus. B paboTe BBITIOJNHSIETCS TOCTPOCHNUE aCUMIITOTMYECKY 000CHOBAHHOM KOMITaKT-
Hoii Mozxenu sneMeHTa [lenbrhe. PaccMaTpuBaeTcst 3amaya 0 CTallMOHAPHOM pacrpeneieHun
TeMITepaTypbl B OMHOMEPHOI TepMOBJIEKTPUUECKOI cpene ¢ GU3NISCKIMHU ITapaMeTpaMu, 3aBH-
CSIIUMU OT TeMItepatypsl. [1ocTpoeHO MpsIMOEe aCUMITOTUYECKOE TIPUOIKECHIE B TIPEATION0-
JKEHUU O TOM, YTO OTHOIIICHUE Pa3HOCTHU TeMIIepaTyp Ha TpaHuUIlax aeMeHTa [1enbThe K cpemHeit
a0COJIIOTHOI TeMIlepaType MOMIYJIS SIBJIsIETCS Maioil BeauuuHou. [TonydyeHbl BbipaxkeHuUs 111 Te-
TUTOBBIX ITOTOKOB Ha TOTJIONIAIONIEH M M3JIydalollleil CTOpOHaX C HEeJWHEHHOI 3aBUCHMMOCTBIO
OT TIPUJIOKEHHOTO TOKa M TPaHUYHBIX TemIitepatyp. [IpennoxkeHa MeTonIMKa CUHTE3a Ha OCHOBE
ITOJTYYEHHOTO pEeIIeHUsT KOMITAKTHOM CHCTEMHOI MOMIEIM TepMO3JIEKTpUIecKoro Monyis. Ha
YUCJICHHOM IIpUMEpE MPOBEACHO CpaBHEHME ITOIYYCHHOM MOMEIN C KIACCUICCKOU MOICIBIO
C OCpeIHEHHBIMM ITapaMeTpaMu MaTepuaja. IToka3zaHo, YTO TEIJIOBbIE ITOTOKU ABYX MOJIEJCH
MIPUHUMAIOT pa3Hble 3HAYSHUSI IMPU JOCTATOYHO OOJIBIIMX JEKTPUUECKUX ToKaX. O0CyXaal0TCs
MEepPCIIeKTUBHBIC HATIpaBJICHUS UCITOIb30BaHUS TTPEIIOXKEHHON HOBOI aHAIMTUYECKON MOJETN
aneMeHTa [leabThe B 3aa4ax TPOMBIIIIEHHOCTH.
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Introduction

Thermoelectric modules based on the Peltier effect are an important part of modern thermal stabiliza-
tion and cooling systems [1—11]. Such systems are widely used, for example, to create miniature refriger-
ation units and sensors that register temperature differences [11].

In practice, constant physical parameters of the object are used for analytical estimations of depend-
ence of the main parameters of thermoelectric modules (cooling capacity, maximum temperature differ-
ence between module surfaces, etc.) on the boundary values of temperatures and heat fluxes. The obtained
estimates under this assumption do not always coincide with experimental data [1-3, 5, 6, 12, 13]. Tak-
ing into account the dependence of material parameters on temperature can strongly change the module
performance and its output parameters with respect to similar values calculated with constant material
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parameters. For a more accurate description of the battery parameters or design (selection of material
properties of p- and n- types) of the battery, a correct mathematical model is required.

A one-dimensional analytical model of the stationary state of a thermoelectric element is investigat-
ed in [1, 2]. Temperature distributions along the Peltier element as a function of current density under
boundary conditions of the first and second kind are obtained. In [5—9], the methodology of modelling of
Peltier elements based on the system approach with application of compact models is proposed. Numeri-
cal dependences of temperatures and heat fluxes of the Peltier element are obtained based on the solution
of the linear boundary value problem with constant material parameters. The presented approach is useful
and practical, since only manufacturers' data sheets are used to obtain the system model parameters. In
[10, 11], expressions for the optimal current value, at which the maximum temperature difference occurs
in the Peltier element, are given. A nonlinear equation for temperature distribution taking into account
temperature-dependent material properties is obtained. The influence of temperature-dependent physical
parameters on the temperature distribution along the Peltier element is discussed. It is shown that the heat
conduction model with temperature-dependent properties significantly refines the temperature distribu-
tion in comparison with the model with averaged material parameters. In [14—19], mathematical models
of unsteady pulse impact on a thermoelectric element leading to the so-called supercooling effect were
constructed and investigated.

In this paper, we consider the problem of finding an approximate analytical solution to the prob-
lem of stationary temperature distribution for a Peltier element, when temperature-dependent physical
properties of the material are taken into account. Using the mathematical apparatus of perturbation
methods, modified expressions of heat fluxes at the boundaries of the Peltier element are determined.
A compact system model of the Peltier element is proposed, taking into account the obtained refined
thermoelectric characteristics.

Mathematical model

The stationary thermoelectric state of a one-dimensional medium is described by the equation [1—3]:

K(T) d2T+dK_(T)(d_Tj2_ 'de_T:_i~ (la)
d dr \dx) °° dT dx o(T)
T(sz):TL, T(x:L):TR, (10)

where 7 is the temperature; (T ), G(T ), S (T ) are the temperature-dependent thermal conductivity,
electrical resistivity and Seebeck coefficients, respectively; j0 is the current density, x is the spatial co-
ordinate.

A schematic representation of the problem under consideration is presented in Fig. 1.

An example of the dependences of experimental parameters K(T ), G(T ), S (T ) for BiSbTe n-
(Ki (T), 0: (T), SnT (T)) and p- (K; (T), 02 (T), S; (T)) types in the temperature range from 300
to 500 K is given in Fig. 2, 3 [19]. The experimental data were approximated by parabolic polynomials,
where the lower index », p defines the material properties calculated for n- and p-type BiSbTe material.

Expressions for KZ,p (T), o’ (T), Slip (T) are written as:

n,p
i, , (T)=xg” +&/"T +x5"T?;
o, ,(T)=0y" +0]"T+0,"T?; ()
S, (T)=85"+8"'T + S8, T?.
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Fig. 1. One-dimensional model of a p-type element (constant cross-section A)
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Fig. 3. Polynomial approximation (solid line) of experimental data
for n-type x| (T), o, (T), S, (T) (points) BiSbTe material

Based on the representation of physical parameters by expressions (2), equation (1) is characterized
by a degree nonlinearity with respect to the variable 7. The analytical representation of the material

T T
parameters K

n,p> “n,p?

solution for the temperature distribution (1a).
Let us introduce dimensionless quantities:

Then equation (1) is rewritten in the form:

S nT » (2) allows us to apply asymptotic methods [20, 21] to find an approximate

€)
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| -
e R e e

dg® du | dg du dg T gy
u(g=0)=T T u(z=1) =TT (4b)

where u is the small and finite relative temperature change; K(u), G(u), S (u) (lower indices n, p
omitted hereafter) are defined as:

k(u)=k,+ku+iu’, o(u)=6,+6u+6u’, S(u)= S, +Su+Su, (5)

A A A

and the coefficients K, ¥, K,, G,, G,, O,, Sy, 5|, S, take the form of:

A r r2oA r2oA 2,
K, =K, +x7T+x,T°, «, =x,T+2x,T°, ¥, =x,T";
6,=6,+06,l +0,T°, 6,=c,T +25,T%, 6,=0,T"; (6)
o _ . 72 Q _Q r2 Q Q2
So =8, +ST+8,17°, §=8T+25,T", §,=5,T".

In practice, u is often a small value [10, 11, 20], the temperature difference across the Peltier ele-
ment is of the order of a few tens of degrees, while the average temperature is of the order of hundreds
of degrees Kelvin. Problem (4), together with equations (5), forms a second order nonlinear differential
equation, which has no analytical solution. To evaluate the solution of this problem, it is assumed that u
is a small value, and the asymptotic method of direct expansion is applied [20—22].

Asymptotic solution of the one-dimensional thermoelectric problem

To find a uniformly suitable solution of the third order of smallness, we decompose u into the fol-
lowing series:

u(&,e)=¢eu, (&)+&u (&)+&u, (§)+ ..., (7)

where € is a small parameter.
Let us consider the term in the right part of the equation (4a), for this purpose we divide equation (4)
by the value K, then:

(L)) 1 I’R® dT

= =—F=—, (8)
T x,0 T T
o . 1L N 1L
where [ = j A is an electric current through the element, R = —Z is an electric resistance, ® = —
(¢ L
is a thermal resistance of the element, dT is a temperature difference in the element at the heat flux equal

to the electric power I°R.

From a practical point of view, it makes sense to apply a thermoelectric element only in the region,
where the heat flux from the Joule—Lenz effect is significantly smaller in comparison with the basic
Fourier heat flux. In this regard, we will assume that the summand in the right-hand side can be attrib-
uted to quantities of the order €. Let us take into account the smallness of the heat fluxes caused by the
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|
JoLS, .
Thomson effect for the class of materials under consideration ~107" |. We will assume that the
KO

summand with the Seebeck coefficient of equation (4a) does not enter the generating problem, that is,

ds
L—~c¢.
Jo du

Substituting the equations of expansion (7) into equation (4) and equating the coefficients at the
same powers of €, we obtain:

€
-2L2
u(’)lz_ /:]i) ~ 2 (9a)
T'k,0,
T -7 T,-T
u :O = LA , U :1 = RA 5 9b
82
-L A jal .
KO KO GO 0
ul(§:0)=0, ul(é';:l):(); (102)
83

ﬂ_joLSl ' Kl A " "
uy ==Ly ( +— (uout) +uuy ) —

K, G,

K, & 2k, K, G,
11 2, ”2
juouo [ —+—— juouo— (11a)

0

%, &
—@ ulu {+M[[1+ S +28 Ju ul,

Ko Ko

u, (§=0)=0, u,(§=1)=0. (11b)

The first approximation problem given by equations (9) is similar to the thermoelectric problem with
constant (averaged) material properties:

uoz—%o§2+clﬁ+cz, (12)
where
2 2 -
L T, -T T -T
cozAjoA _A,CI_C_0+ o = (13)
K,0, T T T
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By substituting the solution (11) into the boundary value problem (9), it is possible to obtain the
solution for u,. Any further refinements of the solution become more complex in structure, however,
their explicit form can be obtained using computer algebra methods [23] and then transferred to the sim-
ulation environment for direct calculations or optimization procedures. For typical parameter values,
the constructed solutions converge to a direct numerical solution quickly: a two- or three-term approxi-
mation can satisfy the practical needs. In the numerical example (see Section 4), the maximum relative
error with respect to the direct numerical solution of the nonlinear boundary value problem realized
using the Matlab bvp4c built-in function [23] is 0.69% and 0.042% for the two- and three-term solution,
respectively. In the following calculations, the trinomial solution will be used.

Substituting (13) into equations (10, 11), we obtain expressions for temperatures u, and u,. Due to
the adopted system of notations, € = 1 [21]. In this case, the equation for the dimensionless temperature
u is written in the form of:

u=d&®+d,t +d e’ +d,& +d ' +d 5 +d.E +dE+d,, (14)

where the constants d,_, i= 1,_9 are determined from equations (9—11).
The heat flux profile g = g (u, EJ) can be calculated as [1, 2]:

~

q(u,é)=—%K(u)u'+j0fS(u)(u+l). (15)

Consider the values of heat flux g on the left g, and right g, sides of the Peltier element.
From equation (15), taking into account (3), (13), the heat fluxes q,, g, have the following form:

T -T T .
QLZQL L aoj:ZKL” (0)+]0SLTL’

T
. . (16)
T.-T T , )
dr :q£ Rf‘ ,IJ:ZKRu (1)+]0SRTR,
or:
d.x .
q,=— ;LL (TR+TL)+]OSLTL7
(17)
8d +7d,+6d,+5d,+3d.+2d, +d
QR:_( 1 - : : . ! S)KR (TR+71L)+joSRTRa

2L

where K, K, S rareKand S calculated on the left and right sides of the Peltier element.

Equations (17) are modified expressions for heat fluxes on the radiating and absorbing sides of the
Peltier element in the case of temperature-dependent material parameters. Further on the basis of ex-
pressions (15, 17) the heat fluxes on both sides of the Peltier element are estimated.

Numerical examples

The following examples show the results of calculations of temperature and heat fluxes of the ther-
moelectric element. The material properties taken in the calculations are given in Table 2 for p-type
material. The dependence of material properties on temperature is assumed according to Fig. 2 [1, 2].
For n-type material, the constructions are similar and are not given.
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Table 1
Values of thermoelectric cell parameters for BiSbTe n-type material
Variable Value
T, 300 K
T, 320K
J 0.83 MA/m?
A 38.6 mm?
L 5 mm
K, 1.22 W/(m-K)
%, —0.65 W/(m'K?)
%, 1.1 W/(mK?)
5, 1.1x10* (Q'm)~!
G, —9.93x10* (Q'm)~'/K
G, 5.05x10* ('m)~'/K?
§0 —1.8x10*V/K
S, —1.6x10- V/K?
S, 1.85%10* V/K?
<> 1.198 W/(m-K)
<o> 70x10° (Qm)~!
<85> —2x10*V/K
Table 2

Values of thermoelectric cell parameters for BiSbTe p-type material

Variable Value
%, 1.17 W/(m'K)
K, —0.86 W/(m'K?)
K, 1.12 W/(m'K?)
S, 13.96x10* (Q'm)~!
6, —17.97x10* (Q'm)~'/K
S, 9.4x10* (Q'm)~'/K?
s, 1.74x104 V/K

>

1.56x10~* V/K?

S, —1.38x10* V/K?
<> 1.06 W/(m'K)
<o> 82x10° (Q'm)™"!
<S> 2.1x10~* V/K

where <> , <o>, <$> are averaged material parameters defined as
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Fig. 4. Temperature profile distributions in the cases of numerical solution (crosses),
results obtained with the approximated solution (blue, green and black solid lines)
and the solution with averaged material parameters (red solid line)
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Fig. 5. Distributions of heat flux profiles in cases of numerical solution (crosses),
results obtained with the approximated solution (blue, green and black solid lines)
and the solution with averaged material parameters (red solid line)
Tmax Tmax Tmax
[ x(r)dr [ o(T)dr [ s(r)dr
<K>="———— <o>=" < §>="m (18)
max _ijn Tmax _Tmin Tmax _Tmin

T o = D00 K, T i = 300 K are maximal and minimal temperatures (see Fig. 2, 3).

We compare the temperature and heat flux distributions in the Peltier element in the case of p-type
BiSbTe material between the numerical solution of equation (4) in Matlab (using bvp4c function), the
asymptotic solution (9—14) and the solution of equation (4) with averaged material parameters (18) (see
Fig. 4, 5).

Fig. 4, 5 show that in the case of temperature-dependent material parameters, the direct expansion
method gives more accurate temperature and heat flux profiles compared to the case of averaged ma-
terial parameters [1, 2]. The first asymptotic term gives better results than the solution with parameters
averaged over the total temperature interval of the input data. This is explained by the fact that the physi-
cal parameters of the Peltier element are a series that decompose with respect to the average temperature
of the Peltier element 7.

Compact Peltier battery model

To simulate the behavior of the Peltier element, a system-level model has been developed to simu-
late the behavior of the Peltier battery and predict the amount of heat it can transfer. The principle of
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Fig. 6. Models of Peltier batteries

these models is to isolate the thermal and electrical parts of the system and to model them based on the
thermal and electrical circuits with concentrated parameters [5, 6, 24]. Many works (see, for example, [5,
6]) are devoted to the study of the case of averaged material parameters, which do not depend on temper-
ature and simplify the construction of equivalent circuits. Further, we propose to modify the scheme [5]
shown in Fig. 6 by adding temperature-dependent material properties K = K(u, T ), S=S (u, T ), c=
= G(u, T ) , which are obtained after solving problems (4, 5).

The heat fluxes in the case of average material parameters Q, and O, on the cold and hot sides of the
Peltier element can be expressed as [10, 11]:

T -T
0, = M+ SIT, —%1213,
(19)
T -T, 1
O, = MJF SIT, +512R
and the voltage drop across the thermoelectric element is written as:
V=S(T,-T,)+IR, (20)

where R is the electrical resistance, ® is the thermal resistance, [ is the electric current.
The averaged material parameters R, ®, S in equations (19) are written in terms of n- and p-type
material properties in the form [4]:

2

Y|
21)
0= ! + ! £
<x,> <Kk,>)4
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Fig. 7. Distribution of heat fluxes as a function of current strength
in the cases of asymptotic solution (dashed lines) and solution with averaged material parameters (solid line)

The Matlab/Simulink software package is used to build compact thermoelectric models of the Peltier
element. In accordance with the above, Fig. 7 shows the diagrams of Peltier battery described by equa-
tions (16, 19) with material parameters given in Tables 1, 2. The upper part of the diagram shows the
Peltier battery model with averaged material properties (21), which is specified by the “Peltier Device”
block, and the lower part of the diagram shows the case of temperature-dependent material of the Peltier
battery model (19). The defining equations of the thermal state of the “Peltier Device” block are similar
to the expressions (19, 20). The lower blocks “QcPtype”, “QcNtype”, “QhPtype”, “QcNtype” are a
compact record of the heat flux expressions given by expressions (17).

Fig. 7 shows the dependences of heat fluxes O, QL according to the defining equations (16, 19).

As can be seen from Fig. 7, the model of the Peltier element calculated with temperature-dependent
parameters gives different values of heat fluxes in comparison with the model with averaged material
parameters. This effect is because in the case of initial averaging of material parameters, the calculation
of the thermal state is carried out at the temperature corresponding to the averaged values of material
parameters. In the asymptotic solution, the system parameters depend on both the boundary conditions
and the applied current, which leads to differences in the results.

Conclusion

In the present work, a model of reduced dimensionality for a Peltier element is constructed using
the asymptotic direct expansion method. It is shown that taking into account temperature-dependent
material parameters can significantly affect the boundary heat fluxes and integral characteristics of the
thermoelectric device. The implementation of the proposed Peltier battery circuit in the Matlab/Sim-
scape software package is demonstrated. The model can be useful for the analysis of quasi-stationary
thermoelectric processes, when the total heat capacity of the Peltier battery is negligibly small in relation
to the heat capacity of the thermostabilized object. The subject of further research may be the extension
of the proposed approach to the modelling of fast non-stationary thermoelectric processes, in particular,
to the modelling of the so-called “supercooling” phenomenon [11].
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