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Abstract. Generalization and development of the projection operator method for solving 
problems of stabilization of given program motions seems to be an actual direction of research 
in the field of synthesis of optimal control systems for nonlinear dynamic stationary objects with 
limited phase coordinates and controls. In this paper, we formulate generalized stabilization 
problems for program motions given by a program-stabilizing vector C0 and a vector of admissible 
program motions C. We show the derivation of a projection operator for solving the specified 
class of problems. For a nonlinear locally controlled difference operator, admissible controls are 
synthesized that stabilize program motions under restrictions on phase coordinates and controls. 
An operator of a dynamical system is obtained for generalized problems of stabilization of program 
motions with restrictions on the vectors of phase coordinates and controls. Numerical simulation 
of the stabilization of the given program motions of a dynamic object is carried out. As an example 
of a dynamic object, a mathematical model of a synchronous generator is chosen, consisting of a 
system of bilinear differential equations with parameters corresponding to equations in the form of 
V. A. Venikov. A computational experiment confirmed the theoretical results obtained in the work.
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Аннотация. Обобщение и развитие проекционно-операторных методов для решения за-
дач стабилизации заданных программных движений представляется актуальным направ-
лением исследования в области синтеза систем оптимального управления нелинейными 
динамическими стационарными объектами с ограниченными фазовыми координатами и 
управлениями. В работе сформулированы обобщенные задачи стабилизации программных 
движений, заданных программным стабилизирующим вектором C0 и вектор допустимых 
программных движений C. Показан вывод проекционного оператора решения указанно-
го класса задач. Для нелинейного локально управляемого разностного оператора объекта 
синтезированы допустимые управления, стабилизирующие программные движения при 
ограничениях на фазовые координаты и управления. Получен оператор динамической 
системы для обобщенных задач стабилизации программных движений с ограничениями 
на векторы фазовых координат и управлений. Проведено численное моделирование ста-
билизации заданных программных движений динамической объекта. В качестве примера 
динамического объекта выбрана математическая модель синхронного генератора, состоя-
щая из системы билинейных дифференциальных уравнений с параметрами, соответству-
ющими уравнениям в форме В.А. Веникова. Вычислительный эксперимент подтвердил 
теоретические результаты, полученные в работе.
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мические системы, оптимизация, нелинейный разностный оператор, локально допусти-
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Introduction

Stabilization of program motions of dynamic objects is an urgent task of modern control theory [1–5]. 
Methods of inverse dynamics problems [6], Lyapunov barrier functions [7–9], mathematical program-
ming [10, 11], etc. [12–15] are used to solve the problems of stabilization of program motions.

The projection operator method of mathematical programming is used in the paper to solve the speci-
fied class of problems [16]. The projection operator method is a universal technique of synthesis of locally 
admissible and quasi-optimal controlled nonlinear dynamic objects. The generalization and development 
of the projection operator method for solving tasks of stabilization of given program motions is a relevant 
research direction in the field of synthesis of optimal control systems for nonlinear dynamic objects with 
limited phase coordinates and controls.

1. Formulation of generalized problems of stabilization of program motions with inequality constraints on 
their vector

Generalized problems of stabilization of program motions, specified by the program-stabilizing vector 
C0 and the vector of permissible program motions C have the form: calculate vector
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where          is the stabilizing program vector of state coordinates,         is the vector of permissible 
program motions for inequality constraints, C0 < C.

Problems (1) generalize the requirements for the problems of stabilization of given program motions  
[16] by introducing a class of inequality class restrictions                      which makes it possible 
to set more “flexible” requirements for these problems.

2. Synthesis of a projection operator for solving generalized problems of stabilization of program motions
Lemma 1 provides the derivation of the projection operator for solving generalized problems of pro-

gram motions stabilization (1).
Lemma 1. The projection operator for solving the generalized problem (1) has the form:

where                         is a projector onto a linear manifold Ax = b,                  is  
a projector onto the orthogonal complement of a linear manifold. The scalar parameter λ is a Lagrange 
multiplier to restrict the type of inequality in (1).

Proof. The Lagrange function for problem (1) has the form:

The necessary conditions for Lagrange optimality are given in the form:

The necessary optimality condition (4) multiplied by matrix A, considering equality (5) of the form  
Ax = b, determines the equation

Then from (7) follows a set of transformations that determines the scalar parameter λ0, which is the 
Lagrange multiplier for restricting the type of equality in problem (1).

Substituting the Lagrange multiplier λ0 into (4) and equivalent transformations determine an equa-
tion of the form:

Replacing the projectors P+ and P0 with subsequent transformations makes it possible to obtain an 
expression that defines the projection operator for solving problem (1) as a function of the Lagrange mul-
tiplier λ for conditions of the type inequality:

0
n∈C R n∈C R

( ) ( )T 2 ,r− − ≤x C x C

( ){
( ) ( ){ }}

2 T
0 0 0

T 2

arg min x , , ,

,

m n
x

n
x r

×
∗ = ϕ = − = ∈ ∈

= − − ≤ ∈

x x x C A b A R C C D

D x x C x C R
(1)

( ) ( )1 10 0
01 1 ,− −+= + + λ + λ + λx P b P C P C (2)

( ) 10 T T
n

−
= −P E A AA A ( ) 1T T −+ =P A AA

( ) ( ) ( )( )2 TT 2
0 02

.L r= − + λ − + λ − − −x C Ax b x C x C (3)

( ) ( )T
0 02 2 0 ,x nL′ = − + λ + λ − =x C A x C (4)

0
0 ,mLλ′ = − =Ax b (5)

( ) ( )T 2
10 .L rλ′ = − − − =x C x C (6)

0 02 2 2 2 0 .T
n+ λ − + λ − λ =b b AC AA AC (7)

( ) ( ) ( )( )1 1 1

0 02 2 2 1 .T T T− − −
λ = λ + − λ +AA AC AA AC AA b (8)

( ) ( ) ( ) ( )1 1 1T T T
0 0 1 0 .T T T

n

− − −
+ λ − + λ + − λ + −λ =x x C A AA AC A AA AC A AA b C



Системный анализ и управление

52

Lemma is proven.
Next, we consider the solution of generalized problems of stabilization of program motions (1) in the 

case of equality of the stabilizing program vector of state coordinates and the vector of permissible program 
motions for inequality constraints C0 = C.

Consequence. In the case of equality of the stabilizing program vector of state coordinates and the vec-
tor of permissible program motions for inequality constraints C0 = C, the solution of generalized problems 
of program motions stabilization (1) does not depend on the Lagrange multiplier for conditions of the 
inequality type λ and has the form

Proof. Let us repeat the reasoning of Lemma 1 with the condition of equality of the stabilizing program 
vector of state coordinates and the admissible vector of program coordinates-controls C0 = C. Problem 
(1) will take the form:

Lagrange function for problem (10):

The necessary conditions for function (11) have the form:

The first equation (12) multiplied by matrix A, considering equality (13) of the form Ax = b, deter-
mines the equation

Then the scalar parameter is expressed from the resulting equation λ0,

Substituting λ0 into (12) followed by opening the parentheses determines the equation:

Reducing similar ones and substituting the projection operators P+ and P0, allows us to obtain an ex-
pression that determines the projection operator for solving problem (10), which does not depend on the 
Lagrange multiplier λ:
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Consequence is proven.
3. Synthesis of a dynamic system with restrictions on phase coordinates and controls
This is a method for synthesizing locally admissible controls for the generalized problem of stabilizing 

a single stationary equilibrium position or program motions specified by the stabilizing program vector  
C0 = C0k and limited by the vector of admissible program motions C = Ck, k ∈ N, for an object in the 
form of a difference operator with restrictions on phase coordinates and controls. In this case, it is as-
sumed that the nonlinear control object is locally controllable according to N.N. Petrov [17–20].

Let a nonlinear locally controlled object be defined by a difference operator:

where         is the neighborhood of attraction as a set of initial states from which the system returns  
to the equilibrium position. Vectors and matrices of operator (15) have the form                       
                                                 is the function vector.

Then the linear manifold for the operator optimization problem, considering the difference operator 
(15), will be written in the form:

where the object operator, the vector “state-control” and the vector of the right side of the linear manifold 
have the form:

Representing the difference operator of an object in the form of a linear manifold (16) allows one to 
synthesize locally admissible controls by reducing the problem of calculating controls to a countable num-
ber of projection operator optimization problems. In this case, the problem of finite-dimensional mathe-
matical programming (1), considering the linear manifold (16), is transformed into a problem of the form: 
calculate the “generalized” state-control vector (17)

where           is the stabilizing program vector of state coordinates,          is the vector of permissi-
ble program motions for inequality constraints, Ck < C0k.

The countable set of solutions to mathematical programming problems (17) determines the “state-con-
trol” vectors. The structure of the admissible control operator is determined by the generalized projection 
operator of finite-dimensional optimization (2) and has the form:

where                                                                λ1, λ2 are a pair of La-
grange multipliers for a condition of the inequality type of the problem (1).
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The solution vector of the optimization problem under consideration is defined as the image of a con-
vex linear combination of two “boundary generalized operators”           and       

Vector                    in (18) includes vectors of locally admissible controls                  
          and vectors of phase coordinate predictions                            “filtered” using  

matrices                  and                 respectively.

As a result, it follows from relations (15)–(18) that the operator of a nonlinear dynamic system with 
feedback for generalized problems of stabilization of program motions with restrictions on the vectors of 
phase coordinates and controls specified by the program stabilizing vector C0k and the vector of permissi-
ble program motions Ck is written as:

where                                                                     – feedback pa-
rameter, θ – "acceptability" parameter, θ ∈ [0;1].

4. Computational experiment
The section presents the results of a computational experiment of the dynamic system under study with 

restrictions on phase coordinates and controls (19).
As an example of a dynamic object, we used a vector-matrix bilinear differential model of a synchro-

nous generator [21] with parameters of the Gorev-Park system of equations in the form of V.A. Venikov 
[22]. To calculate the values of the vector-matrix model, the technical parameters of the ТВВ-320-2 syn-
chronous turbogenerator were used [23]:
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Discretization of the mathematical model of a synchronous generator (20) is carried out by difference 
operators of the implicit Euler method [24], implemented in the environment for dynamic modeling of 
technical systems SimInTech1.

When conducting a computational experiment, the limitation parameter in the condition of ine-
quality r is taken equal to 1. Feedback parameter γ = –0.001. The Lagrange multipliers for limiting 
the type of inequality and the “admissibility” parameter were selected experimentally and are equal to  
λ1 = –0.998, λ1 = –1.0017 and θ = 0.509. The generalized vector of stabilization of program motions 
and controls has the form:

Vector C0k sets the stabilizing value of the synchronous generator frequency ω. The generalized vec-
tor of permissible program motions and controls is defined by the equality:

and in accordance with (20) sets the permissible restrictions on the frequency ω and mechanical torque 
Mmx. To calculate the stresses ud and uq, an approximate load model was used [25].

Considering the structure of the linear manifold (16) and the vector-matrix Park–Gorev model for the 
TBB-320-2 synchronous turbogenerator (20), the calculated projector onto the linear manifold will take 
the form:

The projector onto the orthogonal complement of a linear manifold is defined by the equality:

1 Dynamic Simulation Environment. Available at: https://simintech.ru
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The graph of changes in the power of a synchronous generator, specified by a piecewise linear function 
at constant intervals, is shown in Fig. 1.

Fig. 1. Power change graph

Fig. 2. Synthesized control actions of a synchronous generator  
with restrictions specified by the vector of permissible program motions Ck 
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Fig. 3. Dynamics of synchronous generator currents

Fig. 4. Dynamics of the permissible change in the “frequency” ω of the synchronous generator,  
specified by the stabilizing program vector Ck0 and the vector of permissible program motions Ck 

Limited by the vector of admissible program motions Ck, the locally admissible controls uf and Mmx, 
defined by operator (19), considering the change in power, have the form shown in Fig. 2.

The dynamics of synchronous generator currents considering the “load graph” (Fig. 1) is shown in  
Fig. 3.

The dynamics of the permissible change in the “frequency” ω of the synchronous generator, specified 
by the program stabilizing vector C0 and limited by the vector of permissible program motions C, consid-
ering the “load schedule” (Fig. 1), is shown in Fig. 4.

From Fig. 4 the value of frequency ω, considering the change in power, does not exceed the limitations 
specified by the vector of permissible program motions Ck.

Conclusions

The paper presents the formulation of generalized problems of stabilization of given program motions 
and provides the derivation of the projection operator for solving this class of problems.

A dynamic system operator was synthesized for generalized problems of stabilization of program mo-
tions with restrictions on the vectors of phase coordinates and controls.



Системный анализ и управление

58

Using the example of a synchronous generator model consisting of a system of bilinear differential 
equations with parameters corresponding to equations in the form of V.A. Venikov, the use of a synthesized 
projection operator for calculating controls and stabilizing the phase coordinates of a dynamic system, 
considering restrictions on coordinates and controls, is demonstrated.

Computational experiments were performed to confirm the correctness of the results obtained.
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